
H E A T  C O N D U C T I O N  I N  A N  E L L I P T I C A L  C Y L I N D E R  
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Di rec t  analyt ical  methods  a r e  applied to solve the th i rd  boundary p r o b l e m  of heat  conduction 
in an el l ipt ical  cy l inder .  

In solving the third boundary p rob l em  of heat  conduction in hexahedra , the  c l a s s i ca l  method of Lame  
of separa t ion  of all  the v a r i a b l e s  (spatial and tempora l )  encounters  fundamental  diff icult ies even when it i s  
poss ib le  to choose  a s epa rab l e  s y s t e m  whose coordinate  su r faces  coincide with a boundary  of the body (as, 
for  example ,  in the ca se  cons ide red  here ,  of the el l ipt ical  cyl inder) .  The a r t i f ic ia l  use  of the so -ca l l ed  
n o r m a l  f o r m  of the solution involving a s e r i e s  of t e r m s  consis t ing of p roducts  of functions, each depending 
on only one var iab le ,  p r e d e t e r m i n e s  a specif ic  distr ibution law for  the heat t r a n s f e r  coefficient ,  and, in 
pa r t i cu la r ,  a solution with comple te ly  sepa ra t ed  va r i ab l e s  co r re sponds  only to a pa r t i cu l a r  case  wherein on 
each boundary Bio t ' s  c r i t e r ion  is  inverse ly  propor t iona l  to the cor responding  Lame  coefficient  [1]. It is  
c l ea r  that such a dependence of Blo t ' s  c r i t e r ion  on the geomet r i ca l  p a r a m e t e r s  of the su r face  is not a con-  
sequence of the phys ica l  na ture  of convect ive  heat  t r ans fe r ,  and t he re fo re  the c l a s s i ca l  solution of the th i rd  
boundary p rob l e m  is  of p r a c t i c a l  vat idi ty  in a l imi ted  number  of c a se s  only. 

In con t ras t  to th i s ,d i r ec t  analyt ical  methods a r e  not bese t  with the fundamental  l imi ta t ions  on e i ther  
the shape of the body or  the boundary condit ions.  Such an extension of the c l a s s  of solvable  p rob l ems  is  
at tained at the expense of not sat isfying p r e c i s e l y  the different ia l  equation and boundary condit ions.  Di rec t  
methods yield convergence  in the mean over  the region (or an exact  sa t is fact ion of the equation and boundary 
conditions at individual points  on ce r ta in  cu rves  and su r faces ) .  

The i r  appl icat ion to nons ta t ionary  heat  conduction is  based  on Kan to rov ich ' s  method [2], according  to 
which an app rox ima te  solution of the p r o b l e m  
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is  sought in the f o r m  of a sum 
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where  the fj a r e  the des i r ed  t i m e  functions and the (zj a r e  a p r i o r i  se lec ted  coordinate  functions.  

Substitution of'~ into the di f ferent ia l  equation and the boundary condition yields  specif ic  res idua l s .  
Following Kantorovieh  we min imize  these  r e s idua l s  so that at each instant  of t ime  they a r e  orthogonal to 
each of the coordinate  functions throughout the region v + ff in which the t e m p e r a t u r e  is  defined, This r e -  
qu i rement  leads to a s y s t e m  of o rd inary  different ia l  equations.  I ts  solution is the set  of des i red  functions 
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fj (FO). The constants of integrat ion may be determined f rom the initial condition, minimizing for Fo = 0 
the mean square  deviation of the solution f rom the given t o distribution (this operation reduces  to the solu- 
tion of a sys tem of a lgebraic  equations). 

Such is the general  method of solving both l inear  and nonlinear problems [3]. However in the f i r s t  
case  it is  possible  to shorten substantially the amount of computation by f i r s t  taking the Laplace t r a n s f o r m  
of Eqs.  (1) and (2) with respec t  to the var iable  Fo and thus to obtain the boundary prob lem 

L(T)=sT--R2v~T--  R~ V/ - - t  o=O, T ~ t ,  W - - w ,  (la) 

OT R 
M ( T ) = R - - - + B i T  ........ P = 0 ,  s.~Fo, P- -p .  (2a) On 

If f rom this we determine  T as  a function of the spatial coordinates  and then take the inverse  Laplace 
t r ans fo rm,  we obtain the des i red  nonstat ionary t empera tu re  field. 

We seek an approximate  solution of Eqs.  (la) and (2a) in the fo rm of a sum 
tz 

= q)(s, x 1, x2, x 3 ) + ~  Fj(s)(~j(xl, x2, xa), (4a) 

where  r is an approximate (or exact) solution of Eq. (la), and the q0j a r e  coordinate functions satisfying the 
or thonormal i ty  condition 

(% %F = ~j .  (Sa) 

To determine  the Fj we substi tute f rom Eq. (4a) into Eqs .  (la) and (2a) and apply Galerk in ' s  method, 
which requ i res  the orthogonali ty of the res iduals  L(~) and M ~ ) ,  so formed,  to the coordinate  functions qo i 

(6) 

We substitute Eq, (4a) into Eq. (6) and change the o rders  of summation and integration: 

.... s ~ ~-v- + Bi t'~1 

where  

i=l 

Using Gr e en ' s  formula  

a~ := (t 0, oh)v; B~ = g / +  R~V~q~- sq~, r ; 

~176 )~ 
C~ ----- P --  n -~ - - -Bi  ~, ~ . 

we wri te  Eqs.  

where  

(v%,  ~)  = -g -  ~ -N"  . 

(7) of Galerk in ' s  method in the  symmet r ic  form: 
n 

i = 1  

(s) 

(9) 

a~j = %~ ---- R 2 (grad q)i, grad q~j)v + (Bi q)~, q)j)~. (10) 

Let  A denote the determinant  of the mat r ix  of the coefficients  and let  A:.. be the cofaetor  of the element  (i, 
I J  

j) .  Then the solution of the algebraic  sys tem of Eqs.  (9) a ssumes  the following form: 
n 

FI = A -1 Z  (a~ Jr" B~ -t- Ci) A~I. (11) 
~ 1  

From this we obtain 

~ =  A - I ~  (a i -}- B~ + C~) AzfPi" (12) 
l = 1  ] ~ 1  
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Fig. 1. Variat ion of the t e m -  
p e r a t u r e  in a c r o s s  sect ion of 
a c i r cu l a r  cyl inder  with Bi = 5. 
(The continuous curve  r e p r e -  
sents  the exact  solution; dashed 
curve ,  the approx imate  solu-  
tion. ) 

In the invers ion  of the Laplace  t r a n s f o r m  we use the fac tor iza t ion theo rem (which is appl icable  since 
the de te rminan t  A, expanded as a polynomial  in s, is of much higher degree  than the a lgebra ic  cofactor  
Aij) and the convolution t heo rem .  As a resu l t  of the t r ans fo rmat ion  we obtain 

n i Fo 
[ = X Khuh exp (s h Fo 7 + Kk .I v~ exp [s,~ (Fo - -  ~)] d~, (13) 

k~l k=l 0 

where  
n ~ n 

/=1 i=1 1=1 /=1 

the s k a r e  the roots  of the secu la r  equation A (S) = 0; K~ 1 = d/ds A(Sk); bi. ='Bi; c i .= 'C i .  It  is obvious that 

: Z  aiAij is the de te rminan t  fo rmed  f rom A(Sk) by replacing the e lements  of i ts  j - th  column by the a i .  The 
i=1 
second summat ion  in the express ion  for  Vk has a s im i l a r  meaning, it being in genera l  a function of the t ime .  
In the pa r t i cu l a r  ca se  where  the specif ic  s t rength  of the volume and sur face  sources ,  w and p, depends only 
on the spat ia l  coordinates ,  

= ~ Kh {exp (s h Fo) [u h + S-~lVk] ~ S~ lVk}. (13a) i 
k=l 

A compar i son  of the s t ruc tu re  of fo rmula  (13) with the c l a s s i ca l  solution shows that the K k a r e  anal-  
ogous to the F o u r i e r -  Lame  coeff ic ients ,  the u k a r e  cha rac t e r i s t i c  functions and the s k a r e  cha rac t e r i s t i c  
va lues .  

If as the coordinate  functions we choose a lgebra ic  or t r igonomet r i c  polynomials ,  the convergence  of 
G a l e r k i n ' s  method follows f r o m  a t h e o r e m  due to W e i e r s t r a s s  [2]. 

In o rder  to obtain a be t t e r  approximat ion  with a smal l  number  of t e r m s  of the s e r i e s  (137 it is n ece s -  
s a r y  to se lec t  the coordinate  functions cor responding  to the geomet r i c  na ture  of the p rob l em.  To cons t ruc t  
these  functions it is convenient  to apply the p r o c e s s  of success ive  orthogonalizat ion to a s y s t e m  of funda- 
menta l  functions r sa t is fying homogeneous boundary conditions of the fo rm (27, if  not exactly,  then at leas t  
approximate ly :  

]--! 

k=l 

]--1 
2 

k=l 

(147 

By forming the s ca l a r  product  (qi, q~j)v, it is easy  to ve r i fy  that the coordinate  functions cons t ruc ted  in this 
way actual ly  sa t i s fy  the o r thonormal i ty  condition (5a). 

We now apply the fo rmulas  obtained to the calculat ion of a p l ane -pa ra l l e l  nons ta t ionary  t he rma l  field 
in an el l ipt ical  cyl inder  with s emiaxes  a and b. Exact  solutions of the f i r s t  and second boundary p rob l ems  
for  an el l ipt ical  cyl inder  may  be exp re s sed  in t e r m s  of Mathieu functions.  However , in  the ca se  of the th i rd  
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T A B L E  1. F i r s t  F i v e  C h a r a c t e r i s t i c  Va lues  s k of the  C i r c u l a r  Cy l -  
i n d e r  (Bi = 5) 

k 

--s k 

Approximate 
Exact 

1 J 2  

1,1891 I 6,3515 
1,1875 6,3532 

15,8962 
15,8281 

29,5523 51,8124 
29,900 48,7064 

T A B L E  2. F i r s t  F i v e  C h a r a c t e r i s t i c  Va lues  s k and  Coe f f i c i e n t s  K k 
of the  Solut ions  (13) fo r  the  E l l i p t i c a l  C y l i n d e r  (Bi = 5) 

I - - - s  h 1,20599 6,35129 15,71763 3 1 , 0 5 3 4 6  79,52921 
K/~ --0,57284.10 -5 --0,11479.10-~ [~-0,751808.10-5~ --O, 182442. I0-5[ ~0,564034. l0 -," 

b o u n d a r y  p r o b l e m  an e x a c t  so lu t ion  (with s e p a r a t i o n  of v a r i a b l e s ) ,  a s  has  a l r e a d y  been  no ted ,  can  be  ob-  
t a i n e d  only fo r  a s p e c i a l  f o r m  of the  dependenc e  of t he  hea t  t r a n s f e r  coe f f i c i en t  on the  c o o r d i n a t e s  of the  
s u r f a c e  of the  body .  Such a r e s u l t  i s  of no p r a c t i c a l  v a l u e .  I t  i s  t h e r e f o r e  n e c e s s a r y  to  u s e  a p p r o x i m a t e  
m e t h o d s  of so lu t ion .  We c o n s i d e r  the  s p e c i a l  c a s e  w = p = 0; ~ = cons t ;  t o = c o n s t .  

We c a r r y  t h r o u g h  c o n c r e t e  c a l c u l a t i o n s  fo r  two e l l i p t i c a l  c y l i n d e r s  of e c c e n t r i c i t i e s  ~ = 0 and ~ = 0.8 
(the f i r s t  e x a m p l e  f u r n i s h e s  a c o m p a r i s o n  wi th  the  known e x a c t  so lu t i ons  fo r  a c i r c u l a r  c y l i n d e r ) .  We  put  
Bi  = 5 and n = 5, i . e . ,  we c o n s t r u c t  f ive  c o o r d i n a t e  func t ions  (to s ave  s p a c e ,  howeve r ,  we  w r i t e  out only  
the  f i r s t  t h r e e  of t h e m ) .  

As  f u n d a m e n t a l  func t ions  we  s e l e c t  the  p o l y n o m i a l s  

= - -  a + (15) 

and  t r y  to  s a t i s f y  the  h o m o g e n e o u s  b o u n d a r y  c ond i t i ons  of t he  t h i r d  k ind  hav ing  the  f o r m  (2a). F o r  the  c i r -  
c u l a r  c y l i n d e r  (a = b = 2R) we f ind  d i r e c t l y  tha t  

P0 = Qo = 1; pu:  = Q~ = Bi (Bi + m) -1. 

Le t t i ng  r 2 = x 2 + y2, we obta in  the  fo l lowing  e x p r e s s i o n s  fo r  the  func t ions  r  

~ 1 =  1 - - 6  - ; r  - - - V  ; 

5 (r'14 5 

F r o m  t h e s e  func t ions  we c o n s t r u c t  t h ro ugh  the  s u c c e s s i v e  o r t h o g o n a l i z a t i o n  (14) a s e t  of o r t h o n o r m a l  
c o o r d i n a t e  func t ions  

% = 1.5847 ~Pl, % ---- 8.8332 [~P2-- 0.24086 ~Pl], 

(Pa -~ 36.8011 [~Pa - -  0,1256 r - -  0.07291 ~PI]. 

Next  we compu te  the  Sk, the  r o o t s  of the  s e c u l a r  equat ion  A (S) = 0, c o r r e s p o n d i n g  to  the  s y s t e m  of 
a l g e b r a i c  equa t ions  of the  f o r m  (9), and,  f ina l ly ,  to  c o n s t r u c t  the  f ina l  so lu t ion  (13a), we de f ine  t he  func t ions  
u k and  the  c o e f f i c i e n t s  Kk.  In T a b l e  1, fo r  c o m p a r i s o n ,  we g ive  the  e x a c t  c h a r a c t e r i s t i c  v a l u e s ,  equa l  to  
0.25 ]z~ (in the  no ta t ion  of [4]) and  the  a p p r o x i m a t e  v a l u e s  s k .  

A s  i s  ev iden t  f r o m  the  t ab le ,  only  the  fou r th  and f i f th  c h a r a c t e r i s t i c  v a l u e s  d i s p l a y  a n o t i c e a b l e  e r r o r  
(1.5% and 6.5%). T h e r e f o r e ,  a l r e a d y  fo r  F o  > 0.1, the  a p p r o x i m a t e  so lu t ion  i s  c l o s e  to  the  exac t  so lu t ion  
(see  F i g .  1). 

In the  g e n e r a l  c a s e  of the  e l l i p t i c a l  c y l i n d e r  we can  no l onge r ,  u s ing  a l g e b r a i c  p o l y n o m i a l s ,  s a t i s f y  
the  b o u n d a r y  cond i t ion  of t he  t h i r d  k ind  o v e r  the  w h o l e l a t e r a l  s u r f a c e .  T h e r e f o r e ,  a t  the  v e r t i c e s  of the  
s e m i a x e s  a and  b,  we  s a t i s f y  the  b o u n d a r y  cond i t ion  exac t ly ,  and at  the  r e m a i n i n g  po in t s ,  a p p r o x i m a t e l y .  
T h i s  r e q u i r e m e n t  l e a d s  to  the  fo l lowing  f o r m u l a s  
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Variation of the temperature at a section of an Fig. 2, 
elliptical cylinder with Bi = 5: a) variation along the 
sere[axes (continuous curve for the major axis; dashed 
curve for the minor axis; Fo values are  shown on the 
curves); b) variation at the vert ices  of the semiaxes 
(curves 1, 2, and 3 correspond, respectively, to the 
vertex of the minor  axis, and to the point (0, 0). 

where 

( Po=l, P~=Bi  B i + m  

(16) 

a 4 E (e) b 4 E (e). 
R ~ V1--a  ~' R 

The scalar  product.s appearing in formulas (14) and (t0) a re  determined by recursion relations in 
which the integration c~r the volume is reduced to the caIculation of factorials and that over the cylindri- 
cal surface to the calculation of complete etliptic integrals of' the f irs t  and second kind. To determine the 
values it is expedient to solve the homogeneous system obtained from the Galerkin equation (9) by an i tera-  
tional method (the process  converges rapidly owing to the predominance of the diagonal elements). 

Using Eqs. (15) and (16) we obtain the following expressions for the first  three fundamental functions: 

. : , -  [(0.,,. ] 

, s  = [(0,93735 . x ) ~ .  (0.90477-b) 2 I ' - - [ (0"94070 ~ + ( 0"9It95 - ~ ) '  ] 3  

Next, in accord with Eqs, (t4), we determine the coordinate functions 

% = 1.58757 ~ ,  % = 8.84493 ~z--2A3055 ~i, 

~ = 44.38226 ~ - -  27,9413! ~z -- 10.88060 ~ .  
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F i n a l l y ,  we  f ind the  c h a r a c t e r i s t i c  func t ions  u k 

u 1 = 0.15658.10 s %--0.12003-105 % + 0:36443-103 % + 0.55667.101% § 0.19076-10 ~ %, 

u~. = - -  0,20817. l04 % - -  0.30062. l05 (P2 -]- 0.79359.104 % - -  0.89209. l0 s % + 0.36927. l02 %, 

u~ = 0.50617.10 ~ % + 0.61429.104 % -t- 0.22762-105 % - -  0.11495.10 s % + 0.22654- l 04 %, 

the  c h a r a c t e r i s t i c  v a l u e s  s k ,  and  the  c o e f f i c i e n t s  K k (Table  2). 

In F ig .  2 we  show the  v a r i a t i o n  of the  t e m p e r a t u r e  du r ing  the coo l ing  of an  e l l i p t i c a l  c y l i n d e r .  As  
was  to  b e  expec ted ,  the  m o s t  r a p i d  coo l ing  o c c u r s  a t  the  v e r t e x  of t he  m a j o r  s e m i a x i s .  F o r  the  v a l u e  
Bi  = 5, a s s u m e d  in t he  c a l c u l a t i o n s ,  t h e  r e g u l a r  r e g i m e  i s  e s t a b l i s h e d  beg inn ing  wi th  Fo ~0 0.8.  

Since  the  s o l u t i o n s  (13) and  (13a) con ta in  a f in i t e  n u m b e r  of t e r m s ,  the  i n i t i a l  c ond i t i ons  a r e  s a t i s f i e d  
wi th  a c e r t a i n  e r r o r  ( see  the  c u r v e s  fo r  Fo  = 0 in F ig .  2a) .  An e x t r a p o l a t i o n  of the  t h e r m a l  c u r v e s  (F ig .  
2b) shows  tha t  t h i s  e r r o r  no  l o n g e r  m a n i f e s t s  i t s e l f  a f t e r  F o  = 0.1.  

V 

ff 

R = v / ~  

t 
T 

X 

n 
C 
X 

O~ 

F O  = X T / c R  2 

Bi = aR./X 
W 

P 

E(~) 
V 2 

(r  oj)v = 1/vJ eir dv 

( oi,  oj)o" = 1/@oi ojdo- 

6ij 

N O T A T I O N  

ts  t he  vo lume;  
i s  the  s u r f a c e  a r e a ;  
ts  the  g e n e r a l i z e d  m e a s u r e ;  
t s  the  t e m p e r a t u r e ;  
~s the  t ime ;  
~s the  s p a t i a l  c o o r d i n a t e ;  
~s the  n o r m a l  to  the  s u r f a c e ;  
i s  the  s p e c i f i c  v o l u m e  hea t  capac i ty ;  
t s  the  c o e f f i c i e n t  of t h e r m a l  conduc t iv i ty ;  
t s  the  h e a t  t r a n s f e r  coef f i c ien t ;  
ts  t he  F o u r i e r  numb e r ;  
i s  the  B lo t  n u m b e r ;  
is  the  p o w e r  p e r  uni t  vo lume;  
~s the  p o w e r  p e r  uni t  a r e a ;  
i s  the  e c c e n t r i c i t y ;  
ts  the  c o m p l e t e  e l l i p t i c  i n t e g r a l  of the  s e c o n d  kind;  
~s t he  L a p l a c e  o p e r a t o r ;  
ts  the  d e t e r m i n a n t ;  

i s  the  s c a l a r  p r o d u c t  wi th  r e s p e c t  to vo lume;  

i s  the  s c a l a r  p r o d u c t  wi th  r e s p e c t  to a r e a ;  

i s  t he  K r o n e c k e r  symbo l ;  
deno t e s  L a p l a c e  t r a n s f o r m .  
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